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Exercise 3.1 (3 points) Bianchi identity of the Yang-Mills theory

Consider a Yang-Mills theory with gauge fields Aaµ, group generators T a, and structure
constants Cabc. The covariant derivative Dµ = ∂µ + igT aAaµ fulfills the Jacobian identity

[Dµ, [Dν , Dλ]] + cycl. in (µ, ν, λ) = 0.

Using this relation, derive the Bianchi identity

Dab
µ F̃

b,µν = 0

for the dual field-strength tensor F̃ a
µν = 1

2
εµνρσF

a,ρσ where the field-strength tensor is
defined as F a

µν = ∂µA
a
ν − ∂νA

a
µ − gCabcAbµA

c
ν , and Dab

µ = δab∂µ + gCabcAcµ denotes the
covariant derivative in the adjoint representation.

[Hint: First, prove that Dab
µ F

b
νλ + cyclic in (µ, ν, λ) = 0.]

Exercise 3.2 (3 points) Gauge-boson propagator

The propagator Dab
µν(x) of the gauge field Aaµ(x) is defined by[

gµν∂2 +

(
1

ξ
− 1

)
∂µ∂ν

]
Dab
νρ(x) = δab δµρ δ(x).

Upon inserting

Dab
µν(x) =

∫ d4q

(2π)4
exp{−iqx} D̃ab

µν(q)

into this definition, calculate the Fourier transform D̃ab
µν(q) of the propagator.

[Hint: The general ansatz D̃ab
µν(q) = δab [f1(q

2)gµν + f2(q
2)qµqν ] leads to a linear

system of equations for f1 and f2.]

Exercise 3.3 (4 points) Generating functional for the free charged scalar field

The dynamics of the real scalar fields φk(x) (k = 1, 2) describing free spin-0 bosons with
mass m are determined by the Lagrangian Lk,0 = −1

2
φk(∂

2 + m2)φk. The corresponding
generating functionals for the Green’s functions are given as

Zk,0[Jk] = Nk

∫
Dφk exp

{
i
∫
d4x [Lk,0(x) + Jk(x)φk(x)]

}
= exp

{
1

2

∫
d4x

∫
d4x′ iJk(x) i∆F (x− x′) iJk(x′)

}
.

a) For both of the given forms of Zk,0[Jk], express the complete generating functional
Z0[J

+, J−] = Z1,0[J1]Z2,0[J2] by the following variables,

φ± = (φ1 ∓ iφ2)/
√

2, J± = (J1 ∓ iJ2)/
√

2.

b) Calculate the Green’s functions Gφ±φ±

0 (x1, x2) and Gφ±φ∓

0 (x1, x2) from Z0[J
+, J−] by

taking functional derivatives.


